. Behavior away from Equilibrium

An analysis is made of diffusion and chemical reaction in an isothermal multicomponent
fluid. Transient gas-phase reaction in a one-dimensional nonflow system and steady state
gas-phase or surface reaction in a tubular reactor are considered. The equations are linearized
around some state away from equilibrium. Multicomponent and binary diffusivity expressions
are used and a series of reactions of varying complexity is considered. The possibility of
oscillations increases as the complexity of the reactions is increased. These oscillations occur
with time in the nonflow system and with space-time in the tubular reactor, and it appears
that any reacting mixture which oscillates in one of these two systems will also oscillate in

the other.

In Part I the linearized equations governing diffusion
and reaction in a multicomponent mixture in a tubular
reactor were solved (21}; it was assumed that the reacting
mixture was near chemical equilibrium. In this work non-
equilibrium behavior is treated. The concentration profiles
and reaction rates for several reactions are determined as
functions of time in a one-dimensional diffusion tube and
as functions of space-time for a flow reactor. A series of
reactions of varying complexity is treated.

Toor has considered the linearized equations of diffusion
and reaction in multicomponent systems (23). One-dimen-
sional bounded and semi-infinite geometries without flow
were treated. Toor showed that oscillations in time are not
possible in ideal fluids near equilibrium.

Oscillations can occur in a system which is away from
equilibrium. Gmitro and Scriven (7) and Othmer and
Scriven (14) have analyzed transient diffusion and reac-
tion in nonflow systems. Several geometries are discussed
and mass exchange with the surroundings is allowed. Re-
gions of oscillatory and unstable behavior are delineated.

Further discussion of multicomponent reaction and dif-
fusion is presented in this work. The occurrence of oscilla-
tions is considered in nonflow and in flow systems. Non-
autocatalytic reactions which cannot oscillate if not coupled
with diffusion are studied.

If the chemical reactions are autocatalytic, oscillations
and instabilities can occur in a homogeneous system (I,
6, 9 to 13, 15). The catalytic decomposition of hydrogen
peroxide is often cited as an example of such an oscillating
reaction (4, 5), although recently it has been suggested
that it does not occur homogeneously (19). Oscillations
have been observed in the thermal decomposition of
sodium dithionite (18) and a subsequent analysis of this
system has been made (2). Oscillating reactions in bio-
logical systems have been observed and analyzed (8).
The coupling of autocatalytic reactions and diffusion yields
some interesting phenomena. Spatially dependent per-
turbations can be unstable and thus initially homogeneous
systems can become inhomogeneous (7, 14, 16, 17, 24).
This can lead to inhomogeneous steady states in open
systems.

FORMULATION--NO FLOW

Consider a tube of length 2L joining two large reser-
voirs at 2* = =% L. The system is initially at steady state
with different concentrations in each of the two reservoirs.
The concentrations of the reservoirs are held away from
equilibrium by exchange of mass with the surroundings.
At time zero the concentration of one reservoir is instan-
taneously made equal to that of the second and the system
is allowed to approach a new steady state. It is assumed
that there is no volume change on reaction, that there is
no flow, and that the system is isothermal. The reaction
rate expression is linearized about the concentration of
the reservoirs at the final steady state. It is necessary to
linearize about the concentration in the reservoirs rather
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than about the concentration in the diffusion tube since
the latter is a function of position. Linearized expressions
will also be used for the diffusional flux and the constant
diffusivities are evaluated at the final steady state com-
position of the reservoirs.

The dimensionless equations describing the system are

ay) _ *(y)
5 [D] =N [K] (y) (1)

with boundary conditions (y) = (0) atz = =1, Let (x~)
and (x*) be the vectors of mole fractions in the reservoirs
at z = —1 and z = +1, respectively, at ¢ < 0; further-
more, let (x5) be the steady state solution to the mass
balance equations having those boundary conditions. Then
the initial condition for Equation (1) is (y) = (%) —
(x*) at £ = 0. The matrices are n X n where there are
n -+ 1 species in the mixture.

Two types of diffusivity matrices are considered. The
first is a general multicomponent diffusivity matrix Dyc
for which all the elements are nonzero. In some of the
examples in ternary mixtures discussed below numerical
values are needed; expressions relating the elements to the
binary diffusivities D12, Dis, and Dgs of an ideal gas are
used (21). This method of evaluating the elements of
[Dlumc is strictly valid only at equilibrium but will be
used here for nonequilibrium mixtures for lack of a better
alternative. The second diffusivity matrix used is desig-
nated [D]p which is diagonal but for which the elements
on the diagonal are unequal. The matrix [D]p is thus ap-
plicable to a system of dilute reactants and products in an
inert. It is also used here as an approximation to [D]uc.

A solution to Equation (1) which is symmetric in z has
been given by Toor (23). With very slight modification
of his result the solution of Equation (1), with the initial
condition and boundary conditions considered here, is

0

(y) = 2 sin {A,% (z + 1)} exp {— [Ly] 6} (by)

= (2)

where
A, =p2a2/4 p=12,... (3a)
[L,] = A, [D] + [K] (3b)

The nature of the solution thus depends on the eigenvalues
M of [L,]. Toor has shown that for an ideal system near
equilibrium with [D] = [D]uc that the ) are all real and
non-negative and therefore that the system is nonoscilla-
tory and stable (23). If [D] and [K] are evaluated away
from equilibrium, complex A can arise. For ternary systems
the matrices are 2 X 2. Simple criteria for the occurrence
of oscillations or instabilities can then be developed. Oscil-
lations result for @, < 0 where

0, = {Ap (D1 — Dag) + (Kyy — Kg2) }?
4+ 4 (Ap Dyo + Kyg) (Ap Doy + Kay)  (49)
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Fig. 1. Region of oscillation for the reaction Hy + 10€22Hl at T =
680°K., P = 4.9atm, L = 20 cm.

If the cross terms of the diffusivity matrix are zero or are
neglected, then oscillations occur for w, < 0 where

op = {Ay (D1 — D3) + (Kyy + Kg2)}2 + 4Ky K2(14b)

where D; and D; are the diagonal elements of the diffusiv-
ity matrix. The oscillations are damped if T, and v, are
negative where

Iy =—Ap Dy — Ay Dyp — Kyy — Koo (5a)
’yP: ""Ap D1 —Ap D2‘—K11 "—K22 (Sb)

Nonoscillatory solutions (2, > 0) are damped if I, or 7,
is negative and A, or §, is positive where

Ap = (Ap Dy + Kyy) (Ap Dag + Ky)
— (Ap Dyy + K1) (Ap Dyp + Kyp)  (Ba)

8 = (Ap Dy + Ky) (Ap D2 + Ky) — Ap® Ky K1(26b)

DISCUSSION—NO FLOW

As an example the reaction Hy + Iy @ 2HI has been
considered. The kinetic expression of Sullivan (22) is
used to calculate [K], although at the temperatures con-
sidered (around 700°K.) the value of [K] is very close
to that calculated using the older kinetic expression of
Bodenstein (3). The dimensionless matrices [D] and [K]
depend on the temperature, pressure, tube length, and
the final vector of steady state mole fractions in the reser-
voirs; these are denoted by T, P, L, and (x%), respec-
tively. The results will be discussed in terms of T, P, L,
and (x*) rather than in terms of [D] and [K].

If the multicomponent diffusivity matrix [D]uc is used,
oscillations are predicted for certain values of the parame-
ters. In order to determine under what conditions complex
A arise, P, T, and L are fixed and the Q, are calculated for
a range of (x%). In order for oscillations to occur, at
least one of the Q, must be negative. Results are presented
in reference 20 for several cases.

The results for a typical case are presented graphically
in Figure 1 for T = 680°K., P = 4.9 atm., and L = 20
cm. Oscillations are found for every (x*) in region I; no
oscillations occur for any (x*) outside of region 1. The
equilibrium curve is also shown. As shown by previous
workers (15, 23) oscillations are not possible near equilib-
rium, and this is substantiated by Figure 1. However, it
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is also seen that the statement that oscillations are not pos-
sible near equilibrium must be interpreted cautiously. For
low hydrogen concentrations region I, in which oscillations
occur, is far from the equilibrium curve. However, for
large hydrogen concentrations region I approaches very
close to (but does not touch) the equilibrium curve. Thus
although oscillations are not possible at equilibrium, they
do occur if the steady state mole fraction is taken to be
slightly to the left of the equilibrium curve in the upper
part of Figure 1.

The scanning of the system parameters may also be
done by choosing T, P, and (x*) and by finding values
of the tube length L such that oscillations occur. A pair
of eigenvalues \ arises from Equation (3b) for each A,.
If a complex eigenvalue is predicted for a given A,, this
complex eigenvalue will occur only over a finite range of
tube lengths L. The tube lengths in which complex X are
predicted for the A, may or may not overlap. For example
consider T = 650°K., P = 5 atm., and a steady state mole
fraction of 55% hydrogen and 30% iodine. The first two
eigenvalues found from A; are complex for a tube length
between 38 and 62 cm. The second two eigenvalues found
from A, are complex for tube lengths between 77 and
124 cm. and those predicted from Aj; are complex for tube
lengths between 116 and 186 cm., etc. Thus oscillatory
behavior occurs for tube lengths between 38 and 62 cm.
and any length greater than 77 cm.

The transient behavior of the hydragen iodide reaction
is always damped. It is of interest to determine whether
or not the oscillations could be detected in a laboratory
experiment. The period of oscillation ranges from 400 sec.
to one day, while the time required for a disturbance to
fall to 1/e of its value ranged from 1 to 3,000 sec. The ratio
of the former to the latter was never less than about 20,

T I
001 |~ 8 =106 ]
8= 1.05
0008}— —
YW1 o
a
~.0005 |-— —
8=104
~001}— ]
8=1.03
| 1 |
-1 =5 o s i

z

Fig. 2. HI mole fraction versus distance for Hy + 1:&22H1; T =
680°K., P=49atm,L = 20 cm. x " gy — 0.85, x*t 1, = 0.05.
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so that the oscillations would be extremely difficult to ob-
serve.

The nature of the oscillations is shown in Figures 2 and
3 for a case within region I of Figure 1, namely, T =
680°K., P = 4.9 atm., L = 20 cm. and 859% hydrogen,
5% iodine. In Figure 2 the deviation of the mole fraction
of hydrogen iodide from the final steady state is shown
as a function of position with time as a parameter. The
steady states are taken to be linear with position even
though the dependency is actually more complicated. The
difference between the mole fractions of hydrogen and
jodine in the two reservoirs is taken to be « at time zero
where « is arbitrary, that is, x™ — x* = «; the correspond-
ing difference for ﬁlydrogen iodide is thus —2a. The devia-
tion of the mole fraction of iodine and hydrogen iodide
from their final steady values integrated over the tube
length are shown in Figure 3; this figure is not to scale
since the rapid damping would make it impossible to see
the oscillations on a figure drawn to scale.

If the above calculations are repeated using a diagonal
diffusivity matrix, no oscillations occur. It can be shown
in general for a reaction of the form A + B & 2C that
oscillations can arise if a multicomponent diffusivity matrix
is used, but that only nonoscillatory behavior is predicted
with a diagonal diffusivity matrix.

More complicated reactions are now considered. The
proofs or numerical examples are relatively straightfor-
ward and are given in reference 20. Only the results are
presented here.

Consider next the two coupled reversible reactions
A 2 B £ (. Oscillations are predicted with either the
multicomponent diffusivity matrix or with a diagonal
matrix. The predictions of oscillations using a diagonal
diffusion matrix can be contrasted to the results found for
A + B = 2C. The increased coupling with two reversible
reactions is enough to introduce oscillatory behavior even
though the diffusional fluxes are not coupled by multicom-
ponent diffusion. Of course if the elements of the diffusiv-
ity matrix are equal, oscillations are no longer possible; as
shown by Toor (23) the reactions in this latter case can
be uncoupled by a suitable transformation,

If the reactions are irreversible, that is A — B — C,
oscillations cannot occur with a diagonal diffusivity matrix
since there is no feedback present; however, multicompo-
nent diffusion does give enough coupling to produce oscil-
lations. It may be further shown that any set of irreversible
reactions with any number of species cannot oscillate if the
diffusivity matrix is diagonal.

Four-component systems will now be considered in order
to determine the effect of increasing the number of species.
For four-component mixtures the behavior still depends
on the eigenvalues of [L,] given in (3b). Since that
matrix is now 3 X 3, no simple expression such as (4a) or
(4b) can be found. The behavior is therefore investigated
by numerical evaluation of the eigenvalues. Only diagonal
diffusivity matrices are considered. Consider first the ad-
dition of a fourth but inert component to the reaction
A + B 2 2C. The addition of the inert is not sufficient to
produce oscillatory behavior. However, if the fourth com-
ponent is allowed to take part in the reaction, complex
eigenvalues occur. Thus the reaction A + B 2 2C in an
inert cannot oscillate while the reaction A + B C 4 D
(with no inert) can oscillate. Two reversible reactions in-
volving four species also yield complex eigenvalues, that
is, the reaction D @ A + B 2 2C can oscillate.

The reactions considered here are nonautocatalytic and
could not oscillate in a homogeneous system. Oscillations
are thus caused by a coupling between diffusion and chem-
ical reaction. Autocatalytic reactions can oscillate without
diffusional effects as noted in the introduction.
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Fig. 3. Damped oscillatory behavior near the steady state; integrated
mole fraction versus time; Hs + [9€22HI; T = 680°K, P =

49 otm,L = 20 cm.; x5, = 0.85, x*1, = 0.05.

THE FLOW REACTOR

Consideration is now given to chemical reaction and
diffusion in a multicomponent isothermal ideal gas which
is in fully developed laminar flow in a tubular reactor. The
behavior of the system away from equilibrium is investi-
gated. As in the nonflow systems comparisons are made
between results predicted using multicomponent and
binary diffusivity expressions. Concentration profiles and
reaction rates are calculated. The system is at steady state
and the oscillations which sometimes arise are functions
of axia] position or space-time rather than time.

A mixture, which is away from chemical equilibrium, is
introduced into the reactor. Far downstream equilibrium
will be attained. The behavior near equilibrium has been
discussed in Part I (21). Consideration is given here to
the behavior near the inlet. In order to be able to analyze
the problem easily, the equations are linearized. This
linearization is made about (x°), where the inlet mole frac-
tion vector is equal to or close to (x°). All properties are
evaluated at (x%). This linearization about (x°) cannot be
rigorously justified since the mole fractions in the reactor
change as the mixture flows downstream, that is, (x) is a
function of space-time. The approximation is valid at best
only near the reactor inlet and the results are viewed as
more qualitative than quantitative. The linearized equation
is

]
-2 = Dy 9 () + K () + ()

(7)

with boundary conditions

0
0122+ F1 () + (B8 =1
(y) =() =z2=0
with symmetry at 4 = 0. The vector (y) is the deviation
from (x°) or (y) = (x) — (x°). The constant vectors

(R%) and (R,%) are the rates of reaction evaluated at (x?).
Equation (7) is similar to that solved in Part I (21), ex-
cept for the presence of the nonhomogeneous term (R?).

The method of solution is similar to that presented in Part
1 (21). The Galerkin method is used and the behavior
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of the system is seen to depend on the eigenvalues of a
nonsymmetric matrix. These eigenvalues were calculated
but the concentration profiles were not found. Details are
given in reference 20.

Consider the reaction Hy + I, € 2HI with no inerts
present. The inlet molar composition is equal to or is a
small stoichiometric perturbation from 709 Hy, 20% I,
and 109, HI; T = 794°K., P = 10 atm. Far downstream
an equilibrium of 51.06% Hj, 1.06% I, and 47.88% HI
will be attained; the behavior near this equilibrium has
been discussed in Part I and some mole fraction profiles
are presented in Figure 6 of that study (2I). Near equi-
librium the first four eigenvalues are —5.3, —11.3, —23.3,
—31.9, and —6.4, —29.9, —34.5, —89.0, using the multi-
component and binary diffusivities, respectively. Near the
composition (x°), the respective eigenvalues are —8.4,
—23.1 * 5.0i, —37.3 and —10.0, —28.3, —40.4, —88.5.
Oscillations are thus predicted by the linear analysis when
the multicomponent diffusivity matrix is used but not if
the diagonal diffusivity matrix is used.

Consider now an inlet state of 27% Hs, 27% I, and
469, HI at T = 978°K. and P = 2.77 atm. Far down-
stream this would decay to an equilibrium composition of
13.59% H,, 13.5% I,, and 739 HI. The behavior near
equilibrium is discussed in Part I and is shown in Figure 2
of that work (2I); near equilibrium the first four eigen-
values are —5.2, —8.9, —13.4, —21.6, and —4.7, —8.4,
—12.0, and —19.1, using the multicomponent and binary
diffusivity matrices, respectively. Near (x°) the first four
eigenvalues are —8.2, —13.2, —18.3, —26.9, and —6.1,
—11.3, —15.7, —21.4, using the multicomponent and
binary diffusivity matrices, respectively.

These calculations were repeated for several inlet com-
positions for the hydrogen jodide reaction. The differences
in the eigenvalues calculated using the two diffusivity
matrices were larger away from equilibrium than they were
near equilibrium; it is not known if this would be true
in general since only a limited number of cases was con-
sidered. Use of the diagonal diffusivity always gave real
eigenvalues; this is consistent with the nonoscillatory be-
havior predicted using a diagonal diffusivity for the dif-
fusion tube which was discussed above. Use of the multi-
component diffusivity resulted in complex eigenvalues for
conditions sufficiently far from equilibrium. A diagram
qualitatively similar to Figure 1 could be drawn for the
flow reactor.

The reaction A @ B 2 C was also considered in the
flow reactor (20). Calculations using a diagonal diffusivity
resulted in complex eigenvalues in some cases. An irre-
versible reaction, namely, the gas-phase decomposition of
cyclopropane to propylene in inert helium was also con-
sidered. No oscillations in space-time were found using
either diffusivity matrix.

Thus in each of the cases considered the behavior with
space-time in the steady state tubular reaction is qualita-
tively similar to the behavior with time in a nonflow dif-
fusion tube; reactions which oscillate in one system also
oscillate in the other. It is expected that this similarity is
general.

Consider next a reaction taking place on the tube wall,
namely, the decomposition of hydrogen peroxide at P =
1 atm., T = 550° or 450°C., and an (x°) of 209, H,O,,
25% Os, and 55% H,0. This has no analogy in the diffu-
sion tube studies described above since only gas-phase
reactions were studied there. This is far from equilibrium
since the reaction is irreversible. This reaction can take
place on a catalytic tube wall. The reaction is often taken
to be first order in HyO,. A large range of rate constants
can be obtained by varying the surface material. A range

Page 382

AIChE Journal

between 5 and 1,000 cm./sec. is considered. At 550°C.
a gas-phase reaction also takes place but it can be ne-
glected at 450°C. The eigenvalues are always real if a
diagonal diffusivity matrix is used. With a multicomponent
diftusivity matrix the following results were found. At the
temperature where the gas-phase reactions can be ne-
glected, the tendency for oscillations in space-time to occur
increases as the surface reaction rate constant increases.
For example, the first five nonzero eigenvalues are —6.3,
—32.4, —39.3, —102, —105, and —6.6, —32.4, —40.7,
—105 = 0.37i and —6.7, —32.4, —41.1, —105 = 8.1i for
surface reaction rate constants 25, 100, and 1,000 cm./sec.,
respectively. At the higher temperature where a gas-phase
reaction also occurs, no oscillations in space-time occur
for the same three surface rate constants. Details and a
figure showing the mole fraction distribution for simultane-
ous gas-phase and surface reactions can be found in ref-
erence 20.

An isothermal multicomponent mixture of ideal gases
which reacts nonautocatalytically will reach equilibrium
far downstream in a tubular reactor. Oscillations in space-
time are not possible near equilibrium; this is shown by
linearizing the governing equations around equilibrium.
If the equations are linearized about the inlet composition
to the reactor complex eigenvalues arise in some cases. This
linearization is approximate and the results are not con-
clusive as noted above. However, it is possible that the
species concentrations oscillate in space-time near the inlet
of the reactor and that these oscillations die out as the
fHuid travels downstream so that equilibrium is approached
in a nonoscillating manner. Conclusive evidence of this
could only be obtained from a solution of the full nonlinear
equations.

NOTATION
defined by Equation (3a)

reference diffusivity, sq.cm./sec.

ith element of a diagonal diffusivity matrix, di-
mensionless

element of [D], dimensionless

binary diffusivity, sq.cm./sec.

[D]*/Dg, dimensionless

E:@:U *'UZU';}
Wi

T A T

[D*] general diffusivity matrix, sq.cm./sec.

[D]g diagonal diffusivity matrix, dimensionless

[D]lme = multicomponent diffusivity matrix, dimensionless

[F*] linearized surface reaction rate constant matrix,
cm./sec.

[F] = [F*]R/Dg, dimensionless

[I1 = identity matrix

K;; = element of [K]

[K] = [K®]R2/Dy (tubular reactor) or [K*]L2/Dg
(nonflow), dimensionless

[K®] = linearized gas-phase reaction rate constant
matrix, sec.™!

L = length of diffusion tube, cm.

[Ly] = defined in Equation (3b)

P = pressure, atm.

R = tube radius, cm.

(R%) = rate of production by gas-phase reaction at inlet
to tubular reactor, dimensionless

(Rs%) = rate of production by surface reaction at inlet
to tubular reactor, dimensionless

t = time, sec.

T = temperature, °K.

Vi = maximum of Poiseuille velocity profile, cm./sec.

(x) = vector of mole fractions

(x°) = vector of mole fractions at the inlet to the tubu-
lar reactor

(x*) = vector of mole fractions in the reservoir at z =
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+1for6 <0
= vector of mole fractions in the reservoir at z =
—1lfor4 <0
(x) — (x*) for the nonflow diffusion tube or
(x) — (x°) for the tubular reactor
mole fraction integrated over tube length
z*/L (nonflow) or z°Dg/V,R? (tubular reac-
tor) = axial coordinate, dimensionless
axial coordinate, cm.

—~ —
- "
~— 1
~
[

i

n
&
i

Greek Letters

a =z~ — x*

7 = radial position in tubular reactor, dimensionless
6 = t Dgp/L? = time, dimensionless

A = eigenvalue

wp = defined by Equation (4b)

0, = defined by Equation (4a)
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Analysis of Flow Choking of Two-Phase,
One-Component Mixtures

W. J. KLINGEBIEL and R. W. MOULTON
University of Washington, Seattle, Washington

The nature of flow choking has been studied as steam-water mixtures are passed through a
tube with ever increasing pressure gradient. Choked flow for two-phase, one-component mix-
tures has been characterized with a separated flow model as resulting from maximization of the
ratio of gas to liquid velocities, or slip ratio, Slip ratios at choking were measured and found
to increase from 1.2 to 5.0 at 30 Ib./sq.in. exit plane pressure with decrease in quality from
0.95 to 0.02. Separated models predict either 9.3 or 28.4 with no quality dependence. The dif-
ference is attributed to liquid entrainment. Flow regimes were observed to vary from purely
entrained to annular entrained to slug entrained as quality decreased. Normal shock waves
were observed in the free jet at qualities above 0.25. Choking flow rates were predicted with
an average error of less than 2% with a stagnation energy balance model using an empiri-

cally developed slip ratio relation corrected for entrginment.

High-velocity flow of vapor-liquid mixtures through
ducts is characterized by ill-defined interfaces between
phases and momentum and thermal relaxation times suffi-
ciently long to result in nonequilibrium flow. Improved
characterization of such a complex flow system has been

W. J. Klingebiel is with Union Carbide, Bound Brook, New Jersey.
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the goal of researchers working in such diverse fields as
oil reservoir recovery, rocket engine design, and nuclear
reactor cooling. Of particular interest has been the pre-
diction of choking conditions under which further increases
in flow rate through a duct cannot be produced by decreas-
ing downstream pressure.

Historically, choking, or critical flow, in a two-phase
system was first analyzed by assuming that the two phases
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